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ON THE c0-EXTENSION PROPERTY FOR
COMPACT LINES
CLAUDIA CORREA AND DANIEL V. TAUSK
Abstract. We present a characterization of the continuous increasing
surjections φ : K → L between compact lines K and L for which the cor-
responding subalgebra φ∗C(L) has the c0-extension property in C(K).
A natural question arising in connection with this characterization is
shown to be independent of the axioms of ZFC.
1. Introduction
In this paper we continue the study of the c0-extension property in the
context of spaces of the form C(K) which was initiated in [2, 3]. Here,
as usual, C(K) denotes the space of continuous real-valued functions on a
compact Hausdorff space K, endowed with the supremum norm. A closed
subspace Y of a Banach space X is said to have the c0-extension property
(briefly: c0EP) inX if every bounded c0-valued operator defined in Y admits
a bounded extension to X. This definition was introduced by the authors
in [3] with the purpose of studying extensions of the celebrated Theorem of
Sobczyk [14], which states that every closed subspace of a separable Banach
space X has the c0EP in X. The quest for generalizations of Sobczyk’s
Theorem has been engaged upon by many authors [1, 2, 3, 10, 11, 12, 13].
For instance, we have used in [2] the notion of c0EP to prove that every
isomorphic copy of c0 in C(K) is complemented, when K is a compact
line. By a compact line we mean a linearly ordered set which is compact in
the order topology. Topological properties of compact lines and structural
properties of their spaces of continuous functions have recently been studied
in a series of articles [2, 3, 4, 5, 7].
The main result of this paper (Theorem 2.6) is a characterization of the
continuous increasing surjections φ : K → L between compact lines K and
L such that the range φ∗C(L) of the composition operator
φ∗ : C(L) ∋ f 7−→ f ◦ φ ∈ C(K)
has the c0EP in C(K). When the latter condition holds, we say that the
map φ has the c0EP. The characterization given in Theorem 2.6 involves the
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order structure of L and the set Q(φ) defined as:
Q(φ) =
{
t ∈ L : |φ−1(t)| > 1
}
,
where | · | denotes the cardinality of a set. We note that in [4, Lemma 2.7]
it is given a necessary and sufficient condition for the complementation of
φ∗C(L) in C(K) (equivalently, for the existence of an averaging operator for
φ), again in terms of the order structure of L and the set Q(φ).
This paper is organized as follows. In Section 2, we prove a criterion
(Proposition 2.5) for the extensibility to C(K) of c0-valued bounded oper-
ators defined in φ∗C(L) ≡ C(L). This criterion is a generalization of [2,
Lemma 3.2] and it is used in the proof of Theorem 2.6. In Section 3, we
present a nicer formulation (Theorem 3.1) of the main result of the paper in
the case when L is separable. A naturally arising question is then considered
and shown to be independent of the axioms of ZFC.
2. Characterization of increasing maps with the c0EP
We start by fixing the terminology and notation for the paper and by
recalling some elementary facts. Given a compact Hausdorff space K, we
identify as usual the dual space of C(K) with the space M(K) of finite
countably-additive signed regular Borel measures on K, endowed with the
total variation norm ‖µ‖ = |µ|(K). Given a point p ∈ K, we denote by
δp ∈ M(K) the probability measure with support {p}. If φ : K → L is
a continuous map between compact Hausdorff spaces K and L, then the
adjoint of the composition operator φ∗ is denoted by φ∗ : M(K) → M(L)
and it is given by:
φ∗(µ)(B) = µ
(
φ−1[B]
)
,
for every µ ∈M(K) and every Borel subset B of L.
Bounded operators T : C(K) → ℓ∞ are always identified with bounded
sequences of measures (µn)n≥1 in M(K), where µn represents the n-th co-
ordinate functional of T . In this case, we will say that T is associated with
(µn)n≥1. Note that T takes values in c0 if and only if (µn)n≥1 is weak*-null.
Let X be a linearly ordered set and A be a subset of X. A point x ∈ X is
said to be a right limit point (resp., right condensation point) of A (relatively
to X) if x is not the maximum of X and for every y ∈ X with y > x we
have that ]x, y[ ∩ A is nonempty (resp., is uncountable). A point of A that
is not a right limit point of A is said to be right isolated in A. Similarly,
one defines left limit, left condensation and left isolated points. If x ∈ X
is a two-sided limit point of X (i.e., x is both a left limit point and a right
limit point of X), then we call x an internal point of X. The points of X
that are not internal are called external. Given a compact line K, note that
if H is a closed subset of K and A is a subset of H, then a point t ∈ H is a
right limit point (resp., left limit point) of A relatively to H if and only if t
is a right limit point (resp., left limit point) of A relatively to K.
WhenK is a compact line, it is possible to give a more concrete description
of the space M(K) in terms of functions of bounded variation (Lemma 2.1
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below). Given a map F : K → R, the total variation V (F ) ∈ [0,+∞] is
defined exactly as in the case K = [0, 1]. We denote by BV(K) the Banach
space of functions F : K → R of bounded variation (i.e., functions F with
V (F ) < +∞) endowed with the norm:
‖F‖BV = |F (0)| + V (F ),
where 0 always denote the minimum element of a compact line. Then:
NBV(K) =
{
F ∈ BV(K) : F is right-continuous
}
is a closed subspace of BV(K).
Lemma 2.1. Given a compact line K, the map:
(1) M(K) ∋ µ 7−→ Fµ ∈ NBV(K)
is a linear isometry, where Fµ is defined by Fµ(t) = µ
(
[0, t]
)
, for all t ∈ K.
Proof. See [2, Lemma 3.1]. 
Throughout the remainder of the paper, we always denote by φ : K → L
a continuous increasing surjection between compact lines K and L. We set:
Q0(φ) =
{
t ∈ Q(φ) : t is an internal point of L
}
.
Our first goal is to prove the extension criterion for c0-valued bounded
operators defined in φ∗C(L) ≡ C(L) (Proposition 2.5). The proof requires
two lemmas.
By the canonical retraction of K onto a given closed interval [a, b] of K,
we mean the retraction R : K → [a, b] that maps [0, a] to a and [b,maxK]
to b. Then R∗C
(
[a, b]
)
consists of the elements of C(K) that are constant
on [0, a] and on [b,maxK].
Lemma 2.2. For each t ∈ L, denote by Rt : K → φ
−1(t) the canonical
retraction of K onto the closed interval φ−1(t). Then the set:
(2) φ∗C(L) ∪
⋃
t∈Q(φ)
R∗tC
(
φ−1(t)
)
is linearly dense in C(K), i.e., it spans a dense subspace of C(K).
Proof. By [7, Proposition 3.2], the set of continuous increasing functions is
linearly dense in C(K) and therefore it suffices to pick an arbitrary increasing
function f ∈ C(K) and prove that it belongs to the closed linear span of
(2). For t ∈ Q(φ), write φ−1(t) = [at, bt] and let gt ∈ R
∗
tC
(
φ−1(t)
)
be the
map that agrees with f − f(at) on [at, bt]. Then:∑
t∈Q(φ)
‖gt‖ =
∑
t∈Q(φ)
(
f(bt)− f(at)
)
≤ f(maxK)− f(0) < +∞,
and therefore the sum
∑
t∈Q(φ) gt converges to some g ∈ C(K), which be-
longs to the closed linear span of
⋃
t∈Q(φ)R
∗
tC
(
φ−1(t)
)
. Moreover, f − g is
constant on [at, bt], for all t ∈ Q(φ), and hence f − g ∈ φ
∗C(L). 
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Corollary 2.3. Let µ ∈M(K) and (µi)i∈I be a bounded net inM(K). Then
µi
w*
−−→ µ if and only if φ∗(µi)
w*
−−→ φ∗(µ) and (Rt)∗(µi)
w*
−−→ (Rt)∗(µ), for
all t ∈ Q(φ), where Rt is defined as in the statement of Lemma 2.2.
Proof. It follows directly from Lemma 2.2, observing that a bounded net
converges in the weak*-topology if and only if it converges at the points of
a linearly dense set. 
Lemma 2.4. Given a weak*-null sequence (Fn)n≥1 in NBV(L), the set of
external points t of L such that Fn(t) 6−→ 0 is countable.
Proof. If t is right isolated in L, then [0, t] is clopen in L and therefore
Fn(t) −→ 0. If t 6= 0 is left isolated in L, then it admits an immediate
predecessor t− ∈ L, which is right isolated. The fact that Fn has bounded
variation implies that Fn(t) = Fn(t
−) for all but a countable number of left
isolated points t 6= 0 of L. The conclusion follows. 
Proposition 2.5. Let T : C(L)→ c0 be a bounded operator associated with
a weak*-null sequence (Fn)n≥1 in NBV(L). The following conditions are
equivalent:
(a) there exists a bounded operator T ′ : C(K)→ c0 with T
′ ◦ φ∗ = T ;
(b) the set of points t ∈ Q(φ) such that Fn(t) 6−→ 0 is countable;
(c) the set of points t ∈ Q0(φ) such that Fn(t) 6−→ 0 is countable;
(d) there exists a bounded operator T ′ : C(K)→ c0 with T
′ ◦φ∗ = T and
‖T ′‖ ≤ 2‖T‖.
Proof. The equivalence between (b) and (c) follows directly from Lemma 2.4.
For all t ∈ L, write φ−1(t) = [at, bt]. Now assume (a) and let us prove
(b). The operator T ′ is associated with a weak*-null sequence (F ′n)n≥1 in
NBV(K) and the equality T ′ ◦ φ∗ = T is equivalent to F ′n(bt) = Fn(t), for
all n ≥ 1 and all t ∈ L. If µ′n ∈M(K) corresponds to F
′
n through (1), then∑
t∈L |µ
′
n|
(
[at, bt]
)
≤ ‖µ′n‖ <∞ and therefore the set:
(3)
∞⋃
n=1
{
t ∈ L : |µ′n|
(
[at, bt]
)
> 0
}
is countable. Given t ∈ Q(φ) not in (3), we claim that Fn(t) −→ 0. To
prove the claim, let f ∈ C(K) satisfy f |[0,at] ≡ 1 and f |[bt,maxK] ≡ 0, and
note that:
Fn(t) = F
′
n(bt) =
∫
K
f dµ′n −→ 0.
Now assume (b) and let us prove (d). The set:
E =
{
t ∈ Q(φ) : Fn(t) 6−→ 0
}
,
is countable. For each n ≥ 1, set Gn = Fn ◦ φ. Then Gn is in NBV(K)
and ‖Gn‖BV = ‖Fn‖BV. Let S : C(K) → ℓ∞ be the bounded operator
associated with the bounded sequence (Gn)n≥1, so that ‖S‖ = ‖T‖. Note
that Gn(bt) = Fn(t), for all n ≥ 1 and t ∈ L, from which it follows that
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S ◦ φ∗ = T . We will show that the quotient C(K)/S−1[c0] is separable
and it will follow from [3, Proposition 2.2, (a)] that the operator S|S−1[c0]
admits an extension T ′ : C(K) → c0 with ‖T
′‖ ≤ 2‖S‖. To conclude the
proof of the proposition, it suffices to check that the image of (2) under the
quotient map C(K) → C(K)/S−1[c0] is separable. Note first that φ
∗C(L)
is contained in S−1[c0]. Our plan is to show that the image of R
∗
tC
(
φ−1(t)
)
under the quotient map C(K)→ C(K)/S−1[c0] is finite-dimensional, for all
t ∈ L, and that R∗tC
(
φ−1(t)
)
⊂ S−1[c0], for all t ∈ Q(φ) \ E.
If νn ∈M(K) corresponds to Gn through (1), then a simple computation
yields:
(Rt)∗(νn) = Fn(t)δat +
(
Fn(maxL)− Fn(t)
)
δbt ∈M
(
φ−1(t)
)
,
for all t ∈ L. Thus, for g ∈ C
(
φ−1(t)
)
, we have:
(4) S
(
R∗t (g)
)
=
(
Fn(t)g(at) +
(
Fn(maxL)− Fn(t)
)
g(bt)
)
n≥1
∈ ℓ∞.
From (4) it follows that R∗tC
(
φ−1(t)
)
⊂ S−1[c0], for all t ∈ Q(φ) \ E, and
that R∗t (g) ∈ Ker(S) ⊂ S
−1[c0], for all t ∈ L and all g ∈ C
(
φ−1(t)
)
satisfying
g(at) = g(bt) = 0. This concludes the proof. 
We now state the main result of the paper. Its proof requires several
technical lemmas and is left to the end of this section.
Theorem 2.6. Let K and L be compact lines. A continuous increasing
surjection φ : K → L has the c0EP if and only if the following condition
holds: for every separable Gδ subset A of L, if every point of A is a two-sided
limit point of A (relatively to L), then A ∩Q(φ) = A ∩Q0(φ) is countable.
The proof of the following lemma is a simple adaptation of the proof of
[4, Lemma 2.5].
Lemma 2.7. If H is an uncountable separable compact line, then there
exists a continuous increasing surjection ψ : H → [0, 1] such that ψ−1(u) is
countable, for all u ∈ [0, 1].
Proof. Define an equivalence relation ∼ on H by stating that t1 ∼ t2 if
and only if the closed interval with endpoints t1 and t2 is countable. The
separability of H implies that the equivalence classes of ∼ are countable
closed intervals. Thus, there exists a unique linear order on the quotient
H/∼ such that the quotient map ψ : H → H/∼ is increasing and continuous.
Finally, H/∼ is a connected separable compact line with more than one
point; therefore it is order-isomorphic to [0, 1]. 
Remark 2.8. We note that separable compact lines share a lot of properties
of metrizable spaces. Namely, a separable compact line is first countable and
perfectly normal (i.e., it is normal and every closed set is a Gδ set). To see
that a separable compact line is perfectly normal, note that every open set
is the countable union of its convex components, which are countable unions
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of closed intervals. The latter argument also shows that every open set in
a separable compact line is σ-compact and hence separable compact lines
are hereditarily Lindelo¨f. Moreover, separability is hereditary for compact
lines, as will be shown in the next lemma.
Lemma 2.9. A separable compact line is hereditarily separable.
Proof. Let H be a separable compact line. Since H is first-countable, it
suffices to prove that every closed subset Z of H is separable. Let D be a
countable dense subset of H and for t ∈ Z \ {maxZ} right isolated in the
compact line Z, denote by t′ the immediate successor of t in Z. Set:
S =
{
t ∈ Z \ {maxZ} : t right isolated in Z and ]t, t′[ 6= ∅
}
.
The intervals ]t, t′[, t ∈ S, are nonempty and pairwise disjoint; thus, the
separability of H implies that S is countable. We claim that the countable
set:
(D ∩ Z) ∪ {minZ,maxZ} ∪
⋃
t∈S
{t, t′} ⊂ Z
is dense in Z. Namely, given t1, t2 ∈ Z with ]t1, t2[ ∩ Z 6= ∅, if ]t1, t2[ ⊂ Z,
then ]t1, t2[ intersects D ∩ Z. Otherwise, ]t1, t2[ intersects {t, t
′}, for some
t ∈ S. 
Lemma 2.10. Let U be open relatively to [0, 1[ and let ε > 0 be fixed. There
exists a sequence
(
[ak, bk[
)
k≥1
of pairwise disjoint intervals such that:
(a) U =
⋃∞
k=1 [ak, bk[;
(b) bk − ak < ε, for all k ≥ 1;
(c) bk − ak −→ 0.
Proof. The thesis is trivial when U is connected and the general case is
obtained by writing U as the union of its connected components. 
Lemma 2.11. If B is a Gδ subset of [0, 1[, then there exists a weak*-null
sequence (Gn)n≥1 in NBV
(
[0, 1]
)
such that B =
{
u ∈ [0, 1] : Gn(u) 6−→ 0
}
.
Proof. Write B =
⋂∞
j=1 Uj, with (Uj)j≥1 a decreasing sequence of sets open
in [0, 1[. For each j ≥ 1, apply Lemma 2.10 with U = Uj and ε =
1
j
, ob-
taining a sequence of intervals
(
[ajk, bjk[
)
k≥1
. Denote by Fjk ∈ NBV
(
[0, 1]
)
the characteristic function of [ajk, bjk[, which corresponds through (1) to the
measure δajk − δbjk ∈ M
(
[0, 1]
)
. The desired sequence (Gn)n≥1 is defined
by setting Gn = Fj(n)k(n), where n 7→
(
j(n), k(n)
)
is an enumeration of
all pairs of positive integers. To see that (Gn)n≥1 is weak*-null, note that
bj(n)k(n) − aj(n)k(n) −→ 0. 
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Lemma 2.12. Let H be a separable compact line and A be a Gδ subset of H
consisting of internal points of H. Then there exists a weak*-null sequence
(Fn)n≥1 in NBV(H) such that A is the union of
{
t ∈ H : Fn(t) 6−→ 0
}
with
a countable set.
Proof. If H is countable, take Fn = 0, for all n. If H is uncountable, pick
ψ : H → [0, 1] as in the statement of Lemma 2.7. For u ∈ [0, 1], write
ψ−1(u) = [au, bu]. The set:
E =
{
u ∈ [0, 1] : |ψ−1(u)| > 2
}
is countable, since H is separable and the open intervals ]au, bu[, u ∈ E, are
nonempty and pairwise disjoint. The set ψ−1[E] is also countable. Since A
consists of internal points of H, we have:
A ⊂ ψ−1
[
]0, 1[ \Q(ψ)
]
∪ ψ−1[E].
Then A \ ψ−1[E] = ψ−1[B], for some B ⊂ ]0, 1[ \Q(ψ). Since A \ ψ−1[E] is
a Gδ subset of H and the map ψ is closed and surjective, it follows that B
is a Gδ subset of [0, 1]. Let (Gn)n≥1 be as in the statement of Lemma 2.11.
Set Fn = Gn ◦ ψ, so that Fn ∈ NBV(H) and ‖Fn‖BV = ‖Gn‖BV. To
conclude the proof, it remains to show that (Fn)n≥1 is weak*-null. To this
aim, we use Corollary 2.3. Denote by µn ∈ M(H) and νn ∈ M
(
[0, 1]
)
the measures corresponding to Fn and Gn, respectively, through (1). We
have that ψ∗(µn) = νn, since Gn(u) = Fn(bu), for all u ∈ [0, 1]. Thus(
ψ∗(µn)
)
n≥1
is weak*-null. Finally, denoting by Ru : H → [au, bu] the
canonical retraction, we compute:
(Ru)∗(µn) = Gn(u)δau +
(
Gn(1)−Gn(u)
)
δbu ∈M
(
[au, bu]
)
.
For u ∈ Q(ψ), we have that u 6∈ B and therefore Gn(u) −→ 0. Hence the
sequence
(
(Ru)∗(µn)
)
n≥1
is norm-convergent to zero. 
By a Gδσ (resp., Fσδ) subset of a topological space we mean a subset that
is a countable union (resp., countable intersection) of Gδ (resp., Fσ) subsets.
Lemma 2.13. Let X be a topological space and (Fn)n≥1 be a sequence of
maps Fn : X→ R having at most a countable number of discontinuity points.
Then the set
{
p ∈ X : Fn(p) 6−→ 0
}
is the union of a Gδσ subset of X with
a countable set.
Proof. We have:
{
p ∈ X : Fn(p) 6−→ 0
}
=
∞⋃
m=1
∞⋂
n=1
∞⋃
k=n
{
p ∈ X : |Fk(p)| >
1
m
}
.
To conclude the proof, note that the set
{
p ∈ X : |Fk(p)| >
1
m
}
is the union
of its interior with some discontinuity points of Fk. 
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Lemma 2.14. Let (µn)n≥1 be a weak*-null sequence in M(L) and let H be
a closed subset of L containing suppµn, for all n ≥ 1. If Fn ∈ NBV(L)
corresponds to µn through (1), then Fn(t) −→ 0, for all t ∈ L \H.
Proof. If [0, t] ∩H = ∅, then Fn(t) = 0, for all n ≥ 1. Otherwise, let s be
the maximum of [0, t]∩H. Then Fn(t) = µn
(
[0, s]∩H
)
, for all n. Note that
s is right isolated in H and therefore [0, s] ∩ H is clopen in H. Moreover,
(µn|H)n≥1 is weak*-null in M(H) and hence µn
(
[0, s] ∩H
)
−→ 0. 
Lemma 2.15. Let H be a separable compact line and C be a subset of H
consisting of internal points of H. Then there exists a subset A of C such
that C \A is countable and every point of A is a two-sided limit point of A
(relatively to H).
Proof. Let A denote the set of points of C that are two-sided condensation
points of C. The conclusion will follow if we show that C \ A is countable.
We have C \ A = S+ ∪ S−, where S+ (resp., S−) denotes the set of points
of C that are not right condensation (resp., left condensation) points of C.
Let us prove that S+ is countable. For t ∈ S+, let t
′ > t be such that
C ∩ ]t, t′[ is countable. Note that ]t, t′[ 6= ∅, since t is an internal point of
H. Setting W =
⋃
t∈S+
]t, t′[, it is easily seen that the open intervals ]t, t′[,
with t ∈ S+ \W , are pairwise disjoint. Hence, by the separability of H, the
set S+ \W is countable. Finally, the fact that H is hereditarily Lindelo¨f
(Remark 2.8) implies that C ∩W (and then also S+ ∩W ) is countable. 
Proof of Theorem 2.6. Assume that φ has the c0EP and let A be a separable
Gδ subset of L such that every point of A is a two-sided limit point of A. Let
H denote the closure of A, so that H is a separable compact line and A is a
Gδ subset of H consisting of internal points ofH. Pick a sequence (Fn)n≥1 in
NBV(H) as in Lemma 2.12. Let µn ∈M(H) correspond to Fn through (1)
and let µ¯n ∈M(L) be the extension of µn that vanishes identically outside
of H. Then (µ¯n)n≥1 is weak*-null in M(L) and the function Fn ∈ NBV(L)
that corresponds to µ¯n through (1) is an extension of Fn. Since φ has the
c0EP, using Proposition 2.5 with the sequence (Fn)n≥1, we obtain that the
set
{
t ∈ Q(φ) : Fn(t) 6−→ 0
}
is countable. Hence A ∩ Q(φ) is countable.
Conversely, let T : C(L) → c0 be a bounded operator associated with a
weak*-null sequence (µn)n≥1 in M(L) and let Fn ∈ NBV(L) correspond to
µn through (1). By Proposition 2.5, in order to conclude the proof of the
theorem, we need to show that the set
{
t ∈ Q(φ) : Fn(t) 6−→ 0
}
is countable.
A bounded variation function has only a countable number of discontinuity
points and thus, by Lemma 2.13, we can write
{
t ∈ L : Fn(t) 6−→ 0
}
as the
union of
⋃∞
m=1 Cm with a countable set, where each Cm is a Gδ subset of L.
It remains to show that Cm∩Q(φ) is countable, for allm ≥ 1. It follows from
[4, Lemma 2.1] that suppµn is separable, for all n, and hence the closure H
of
⋃∞
n=1 suppµn is a separable compact line. By Lemma 2.14, each Cm is
contained in H. Note that the sequence (µn|H)n≥1 is weak*-null in M(H)
and that Fn|H corresponds to µn|H through (1); thus, by Lemma 2.4, each
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Cm contains at most a countable number of external points of H. From
Lemma 2.15 we obtain a subset Am of Cm such that Cm \ Am is countable
and every point of Am is a two-sided limit point of Am. Then Am is a Gδ
subset of L and it is separable, by Lemma 2.9. Hence our assumptions imply
that Am ∩Q(φ) is countable. This concludes the proof. 
3. The separable case
In the case when the compact line L is separable, the condition presented
in Theorem 2.6 can be simplified.
Theorem 3.1. Let K and L be compact lines, with L separable. A con-
tinuous increasing surjection φ : K → L has the c0EP if and only if the
following condition holds: for every Gδ subset C of L, if every point of C is
an internal point of L, then C ∩Q(φ) = C ∩Q0(φ) is countable.
Proof. Follows from Theorem 2.6 and Lemmas 2.9 and 2.15. 
Definition 3.2. A continuous increasing surjection φ : K → L is said to be
of countable type if the set Q0(φ) is countable.
Clearly, if φ is of countable type, then it has the c0EP. In Example 3.3
below we will see that the converse does not hold, even when L is separable.
First, we need some terminology.
Given a subset X of [0, 1], we denote by DA(X) the set:
DA(X) =
(
[0, 1] × {0}
)
∪
(
X × {1}
)
⊂ [0, 1] × {0, 1}
endowed with the lexicographic order. Then DA(X) is a separable compact
line whose set of internal points is
(
]0, 1[ \ X
)
× {0}. The first projection
π1 : DA(X) → [0, 1] is a continuous increasing surjection. More generally,
to each inclusion Y ⊂ X ⊂ [0, 1], there corresponds a continuous increasing
surjection φ : DA(X)→ DA(Y ) defined by φ(u, 0) = (u, 0), for u ∈ [0, 1]\X,
φ(u, i) = (u, 0), for u ∈ X \ Y , i = 0, 1, and φ(u, i) = (u, i), for u ∈ Y ,
i = 0, 1. We have Q(φ) = (X \ Y )×{0} and Q0(φ) = Q(φ) \
{
(0, 0), (1, 0)
}
.
Example 3.3. Let X be a subset of [0, 1] such that [0, 1]\X is uncountable,
but [0, 1] \X does not contain any uncountable closed set (see the construc-
tion that appears in [6, Example 8.24]). Then [0, 1] \ X does not contain
any uncountable Borel set (see [6, Theorem 13.6]). Set K = DA
(
[0, 1]
)
,
L = DA(X) and let φ : K → L be the continuous increasing surjection
corresponding to the inclusion X ⊂ [0, 1]. Then φ is not of countable type.
Using Theorem 3.1, we show that φ has the c0EP. Let C be a Gδ subset of
DA(X) consisting of internal points of DA(X), i.e., C ⊂
(
]0, 1[ \X
)
× {0}.
Then C = π−11 [B], with B ⊂ ]0, 1[ \ X and, since π1 is a surjective closed
map, it follows that B is a Gδ subset of [0, 1]. In particular, B is a Borel set
and hence C = B × {0} is countable.
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The set X used in Example 3.3 to construct the compact line L must
be quite strange: it cannot be a Borel set and, under the assumption of
existence of certain large cardinals, it cannot even belong to the projective
hierarchy (see [6, Theorem 38.17] and [9]). It is natural to ask whether, for a
“sufficiently regular” separable compact line L, every continuous increasing
surjection φ : K → L with the c0EP is of countable type. We consider the
following notion of regularity for separable compact lines.
Definition 3.4. A separable compact line L is said to be Borel regular if
its set of internal points is a Borel subset of L.
Definition 3.4 is motivated by the following result.
Proposition 3.5. If X is a subset of [0, 1], then DA(X) is Borel regular if
and only if X is a Borel set.
The proof of Proposition 3.5 uses the lemma below. Recall that the Baire
σ-algebra of a topological space is the σ-algebra spanned by the zero sets of
continuous real-valued functions on that space.
Lemma 3.6. A (not necessarily continuous) increasing map λ : K → L is
measurable, if K is endowed with its Borel σ-algebra and L is endowed with
its Baire σ-algebra. In particular, if L is separable, then λ is measurable
when both K and L are endowed with their Borel σ-algebras.
Proof. Since the Baire σ-algebra of L is the smallest σ-algebra for which ev-
ery element of C(L) is measurable, it is sufficient to show that f ◦λ : K → R
is Borel measurable, for every f ∈ C(L). Moreover, by [7, Proposition 3.2],
the set of continuous increasing functions is linearly dense in C(L). There-
fore, we assume without loss of generality that f is increasing. Then, for
every c ∈ R, the set
{
s ∈ K : (f ◦ λ)(s) ≤ c
}
is an interval of K and hence
a Borel set. Finally, note that if L is separable then L is perfectly normal
(Remark 2.8) and hence its Borel and Baire σ-algebras coincide. 
Proof of Proposition 3.5. If X is a Borel subset of [0, 1], then the set of
internal points of DA(X) is a Borel set, being the inverse image under the
continuous map π1 : DA(X) → [0, 1] of ]0, 1[ \X. Conversely, assume that
DA(X) is Borel regular. The set ]0, 1[ \ X is the inverse image under the
increasing map λ : [0, 1] ∋ u 7→ (u, 0) ∈ DA(X) of the set of internal points
of DA(X). Hence, by Lemma 3.6, X is a Borel subset of [0, 1]. 
We will finish the section by proving that, for a separable Borel regular
compact line L, the statement
(5) φ has the c0EP⇐⇒ φ is of countable type
is independent of the axioms of ZFC. More specifically, in Proposition 3.7 we
will show that, under the continuum hypothesis (CH), the equivalence (5) is
false. Moreover, Proposition 3.9 shows that, assuming Martin’s Axiom and
the negation of CH (more precisely, assuming MA(ω1)), the equivalence (5)
holds.
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Proposition 3.7. Assume CH. There exist separable compact lines K and
L, with L Borel regular, and a continuous increasing surjection φ : K → L
that has the c0EP, but is not of countable type.
Proof. Let X be a Borel subset of [0, 1] that is not an Fσδ set (see [6, The-
orem 22.4]). Under CH, the collection of all Gδ subsets of [0, 1] contained
in ]0, 1[ \ X can be written as
{
Bα : α < ω1
}
. Define, by recursion, a
family (uα)α<ω1 of points of ]0, 1[ \ X such that, for all α < ω1, we have
that uα 6∈
⋃
β<α
(
Bβ ∪ {uβ}
)
. This is possible, because ]0, 1[ \ X is not a
Gδσ set. Define S =
{
uα : α < ω1
}
, K = DA(X ∪ S), L = DA(X), and
let φ : K → L be the continuous increasing surjection corresponding to the
inclusion X ⊂ X ∪ S. By Proposition 3.5, the separable compact line L is
Borel regular. Moreover, Q0(φ) = S × {0}, so that φ is not of countable
type. Using Theorem 3.1, we show that φ has the c0EP. Let C be a Gδ
subset of DA(X) consisting of internal points of DA(X). As argued in Ex-
ample 3.3, we have C = B × {0}, with B a Gδ subset of [0, 1] contained in
]0, 1[ \X. Then B = Bα, for some α < ω1. To conclude the proof, note that
C ∩Q0(φ) = (B ∩ S)× {0} and that B ∩ S ⊂
{
uβ : β ≤ α
}
. 
The next lemma is used in the proof of Proposition 3.9.
Lemma 3.8. Assume MA(κ). Every subset M of ωω with |M | ≤ κ is
contained in a σ-compact subset of ωω.
Proof. Define a partial order ≤ on ωω by stating that (xn)n∈ω ≤ (yn)n∈ω if
and only if xn ≤ yn, for all n ∈ ω. Clearly, the relatively compact subsets
of ωω coincide with the ≤-bounded subsets of ωω. Now, define a preorder
≤∗ on ωω by stating that (xn)n∈ω ≤
∗ (yn)n∈ω if and only if xn ≤ yn, for
all but finitely many n ∈ ω. It is easily checked that M is contained in
a σ-compact subset of ωω if and only if M is ≤∗-bounded. The conclusion
follows from the fact that, under MA(κ), every subsetM of ωω with |M | ≤ κ
is ≤∗-bounded (see [8, (8) pg. 87]). 
Proposition 3.9. Assume MA(ω1). Let K and L be compact lines and
φ : K → L be a continuous increasing surjection. Assume that L is separable
and Borel regular. If φ has the c0EP, then φ is of countable type.
Proof. The conclusion is trivial if L is countable. If L is uncountable, let
ψ : L → [0, 1] be as in the statement of Lemma 2.7. Arguing as in the
beginning of the proof of Lemma 2.12, one obtains that the set of internal
points of L is the union of ψ−1
[
]0, 1[ \ Q(ψ)
]
with a countable set. Then
Q0(φ) is the union of ψ
−1[S] with a countable set, where S is a subset of
]0, 1[ \Q(ψ).
Now assume by contradiction that Q0(φ) is uncountable, so that S is
uncountable. We will prove that φ does not have the c0EP by exhibiting a
Gδ subset C of L, consisting of internal points of L, such that C ∩ Q0(φ)
is uncountable. First, we claim that ]0, 1[ \ Q(ψ) is a Borel set. Namely,
the Borel regularity of L implies that ψ−1
[
]0, 1[ \ Q(ψ)
]
is a Borel subset
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of L. The claim then follows from Lemma 3.6, noting that ]0, 1[ \ Q(ψ)
is the inverse image of ψ−1
[
]0, 1[ \Q(ψ)
]
under an increasing right inverse
λ : [0, 1]→ L of ψ.
The Borel set ]0, 1[\Q(ψ) is the image of a continuous map θ : ωω → [0, 1]
(see [6, Theorem 13.7]). Since S is an uncountable subset of the image of
θ, there exists a subset M of ωω such that |M | = ω1, θ|M is injective and
θ[M ] ⊂ S. By Lemma 3.8, M is contained in a σ-compact subset of ωω and
therefore there exists a compact subset K of ωω with |M ∩ K| = ω1. Then
θ[K] is a compact subset of ]0, 1[ \ Q(ψ) and S ∩ θ[K] is uncountable. The
conclusion is now obtained by taking C = ψ−1
[
θ[K]
]
. 
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